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We show that massive low energy particles traversing a branching zone or a crossing of quantum
waveguides may experience a non standard trapping force that cannot be derived from a potential.
For interacting cold Bose atoms we report on the formation of a localised Hartree ground state
for three prototype waveguide geometries with broken translational symmetry: a cranked L-shaped
waveguide L, a T -shaped waveguide T , and the crossing C of two quantum waveguides. The
phenomenon is kinetic energy driven and cannot be described within the Thomas-Fermi approxi-
mation. Depending on the ratio κ(Γ) of joining lateral tube diameters of the respective waveguides
Γ ∈ {C,L, T } delocalisation commences when the particle number N approaches a critical value
N
(Γ)
c . For the case of a binary mixture of two different Bose atom species A and B we observe
non standard trapping of both atom species for subcritical particle numbers. A sudden demixing
quantum transition takes place as the total particle number N = NA + NB is increased at fixed
mixing ratio NA/NB . Depending on the mass ratio mA/mB the heavier atom species delocalises
first for a wide range of interaction parameters. The numerical calculations are based on a splitting
scheme involving an analytic approximation to the short time asymptotics of the imaginary time
quantum propagator of a single particle obeying to Dirichlet boundary conditions at the walls inside
the respective waveguides.
PACS numbers: 03.75.Hh, 67.85.-d, 67.85.Hj, 05.30.Jp, 03.75.Be, 42.25.-p, 03.75.-b
I. INTRODUCTION
Elementary quantum mechanics predicts, that the dis-
persion relation Ep =
p2
2m of a massive particle in free
space is modified, when the particle is moving slowly in-
side a hollow micron-sized capillary tube with a trans-
verse size w comparable to the thermal de Broglie wave-
length λth of that particle. This is because boundary con-
ditions at the hard walls of such a tube eliminate an in-
finite number of solutions to the Schro¨dinger equation in
free space, and the ones remaining are the guided matter
waves. In full analogy to TE- and TM - modes used for
transmitting electromagnetic signals along waveguides,
also matter waves propagating along the axis of a hollow
tube sustain a discrete set of guided modes. For example,
guided waves of ultracold neutrons have been observed in
metallic thin film waveguides [1],[2].
More recently guided matter wave experiments with
cold atoms, using various optical techniques for atom
confinement in hollow-core dielectric fibers, have been
carried out successfully by several groups [3], [4], [5], [6],
[7], [8]. Also the trapping and guiding of atoms in the
evanescent light field surrounding a thin subwavelength-
diameter fiber [9], [10] has been observed recently [11],
[12]. A new type of atomic-cladding waveguide with a
dimension on the sub-micro-meter scale [13] opens fur-
ther new possibilities for experiments with guided atoms.
∗ corresponding author: nils.schopohl@uni-tuebingen.de
Also cylindrically blue-tuned dark hollow light beams are
capable to transport atoms along their dark core [14],
[15].
With the emergence of guided matter wave experi-
ments the question then arises, what happens if ultra
cold particles were carried along curved waveguides, or
were transported across the branching zone or the cross-
ing of two waveguides.
Theoretical studies of the motion of particles confined
in branching planar stripes [16] or curved quantum wires
have been the subject of intense theoretical research al-
ready for many years [17],[18],[19], [20], [21], [22], [23],
[24]. It is well known, that inside an infinitely extended
straight waveguide the propagation of a stationary mode
along the tube axis is enabled only if the energy E of that
mode is above a certain excitation threshold εxt > 0, the
precise value of εxt depending on the geometric shape
of the cross section of that waveguide. However, as was
shown by Goldstone and Jaffe [25], even a slight devi-
ation from being exactly straight may then give rise to
the formation of localised states, i.e. there exist station-
ary eigenstates of the kinetic energy Hamiltonian with
an eigenvalue E0 below the excitation threshold εxt. Lo-
calised states also exist at a crossing of two waveguides
[16]. Since such bound states originate from effects of
interference, they are absent within a classical point me-
chanics approach. The trapping force confining the par-
ticles by this mechanism is non standard and cannot be
derived from a potential. It is based on the rapid varia-
tion of kinetic energy of a quantum particle that traverses
a crossing or branching region of otherwise translational
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2invariant waveguides.
A long hollow tube with hard walls and constant cross-
section along the tube axis will be referred to as a quan-
tum waveguide (QW), if the thermal de Broglie wave-
length λth of a particle moving inside is comparable to
the transversal size w of the tubes forming that QW.
We consider in the following three prototypes of QW ge-
ometries with broken translational symmetry. The first
consists of two intersecting orthogonal tubes with rectan-
gular cross-section, comprising four arms A1,...,A4 and
a central zone A0, altogether forming an open three-
dimensional waveguide geometry in the guise of a swiss
cross C with boundary surface ∂C as displayed schemati-
cally in Fig.1. The second, in the following referred to as
L, consists of a cranked tube that is L-shaped, the third,
in the following referred to as T , consists of a T -shaped
branching joining three tubes, see Fig.1.
It appears then natural to ask if a QW with a bulge
or bent like L, or with a branching like T , or a cross-
ing of two waveguides like C, could be used as a particle
trap for ultra cold particles. With a repulsive interaction
present, the number of Bose particles that may occupy
these bound states is limited to a critical maximum value
Nc [26].
In the ensuing discussion we investigate localised
ground states of interacting cold Bose atoms inside the
waveguides Γ ∈ {C,L, T } for various cross section areas
and various particle numbers N . We determine the criti-
cal number N
(Γ)
c of particles that can be trapped around
the respective crossing or branching regions. We show
for cold Bose atoms confined in such non classical traps
that their kinetic energy is not negligible (even for huge
particle numbers), and that the Thomas-Fermi approxi-
mation does not apply, a characteristic difference to the
well known BEC-atom traps with a parabolic potential.
Restricting to a mean field description of ultracold in-
teracting Bose atoms with mass m we are interested in
the Hartree ground state
Ψ
(Γ)
G (r1, r2, ..., rN ) = ψ
(Γ)(r1)ψ
(Γ)(r2) · ·ψ(Γ)(rN ) (1)
that forms inside the respective QW’s subject to the con-
straint ∫
Γ
d3r|ψ(Γ)(r)|2 = 1 (2)
The task is then to find the optimal one-particle orbital
ψ(Γ)(r) that minimizes the energy of the interacting Bose
gas subject to a normalisation constraint ensuring con-
servation of particle number N . Introducing a Lagrange
parameter µ
(Γ)
N for this constraint the optimal orbital
ψ(Γ)(r) is then found solving the Gross-Pitaevskii equa-
tion
(
− ~
2
2m
∇2 + V (Γ)T (r) + (N − 1)
4pi~2as
m
|ψ(Γ)(r)|2
)
ψ(Γ)(r) = µ
(Γ)
N ψ
(Γ)(r) (3)
Here, aS denotes the s-wave scattering length charac-
terizing the repulsive two-particle contact interaction. In
order that such a mean field description applies all tube
size parameters w
(Γ)
a should be large compared to as. For
hollow tubes Γ ∈ {C,L, T } with hard walls ∂Γ the effect
of the trap potential
V
(Γ)
T (r) =
{
0 for r ∈ Γ
∞ for r ∈ Γ (4)
will be taken into account in the following posing Dirich-
let boundary value conditions at these walls:
ψ(Γ)(r)|r∈∂Γ = 0 (5)
In the numerical calculations we use scaled units: ra →
ra/L, µ
(Γ)
N → µ(Γ)N /εL , where εL = ~
2
2mL2 defines the
units of energy and L defines the units of length. In par-
ticular aS → aS/L and w(Γ)a → w(Γ)a /L for a ∈ {x, y, z}.
In these units then 4pi}
2
m as =
8pias
L ×
[
εLL
3
] → 8pias.
A. Two-Dimensional or Three-Dimensional
Laplace Operator ?
As a first step, we consider the case N = 1. So we look
for a solution of the Schro¨dinger eigenvalue problem
Hkinψ
(Γ)(r) = Eψ(Γ)(r) (6)
describing the stationary modes of a single particle of
mass m moving inside a waveguide Γ ∈ {C,L, T } , see
Fig. 1. For a large tube height w
(Γ)
z  max(w(C)x , w(C)y )
the transversal part − }22m ∂
2
∂z2 of the kinetic energy op-
erator Hkin = − }22m
(
∂2
∂x2 +
∂2
∂y2 +
∂
2
∂z2
)
has a vanishing
contribution in the ground state, so that the Laplace op-
erator becomes effectively two-dimensional. Theoretical
studies on guided matter waves in branching waveguides
often assume explicitely such a planar geometry con-
nected to a two-dimensional Laplace operator ∂
2
∂x2 +
∂2
∂y2 ,
for example [17], [18], [19], [20], [21], [22], [24], [27]. But
a realistic thin film geometry cannot be described assum-
ing a large thickness parameter w
(Γ)
z .
To elucidate this paradox consider a simple model of
a thin film, say a flat box with lateral sizes wx, wy and
3y
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FIG. 1. Three prototypes of waveguides with broken transla-
tional symmetry. 1) Cross shaped waveguide C as generated
by two intersecting tubes of rectangular cross-section. 2)
L-shaped waveguide L. 3) T -shaped waveguide T . The
respective tube diameters are denoted as wx, wy, and wz.
thickness (height) wz. For a single particle with mass
m moving inside such a box, and obeying to Dirichlet
boundary conditions at the walls, the energy levels are
well known:
E(3)nx,ny,nz =
}2
2m
[(
nxpi
wx
)2
+
(
nypi
wy
)2
+
(
nzpi
wz
)2]
(7)
nx, ny, nz ∈ {1, 2, 3, ...}
In a realistic thin film there holds wz  min (wx, wy).
If then the kinetic energy (respectively the temperature
kBT ) of a particle is small compared to the level distance
E
(3)
nx,ny,nz=2
−E(3)nx,ny,nz=1 , the motion of the particle in
the low-energy subspace nz = 1 may be considered effec-
tively as two-dimensional, the associated energy eigen-
value of the particle being
E
(3)
nx,ny,nz=1
= E(2)nx,ny +
}2
2m
(
pi
wz
)2
(8)
Here E
(2)
nx,ny denotes an eigenvalue of the two-
dimensional kinetic energy operator corresponding to a
planar geometry (wz →∞):
E(2)nx,ny =
}2
2m
[(
nxpi
wx
)2
+
(
nypi
wy
)2]
(9)
With increasing thickness of the film, i.e. for wz → ∞ ,
there holds then E
(3)
nx,ny,nz=1
→ E(2)nx,ny .
The relation (8) applies for a single ultra cold particle,
N = 1. The GP-equation (3) being nonlinear for N > 1,
the value obtained for µ
(Γ)
N (the chemical potential of
the N -particle ground state of a BEC) in the limit of
a planar geometry (wz → ∞) cannot be related to the
value obtained for a finite thickness wz by a simple shift
like in (8). For this reason we treat in what follows the
full three-dimensional problem.
II. LOCALISED SINGLE PARTICLE GROUND
STATES AROUND BRANCHING ZONES IN
C, L AND T .
Because the arms Aj of the waveguides Γ ∈ {C,L, T }
all have a rectangular cross-section, see Fig.1, the exci-
tation threshold ε
(Γ)
xt of a massive particle moving inside
those arms is readily identified:
ε
(Γ)
xt
εL
=
 piL
max
(
w
(Γ)
x , w
(Γ)
y
)
2 + ( piL
w
(Γ)
z
)2
(10)
εL =
}2
2mL2
The excitation threshold of a planar wave guide geometry
C, as considered by Schult et al. [16], corresponds to the
limit w
(C)
z →∞.
Generally speaking, the spectrum of the kinetic energy
operator Hkin, when it acts on wave functions with a
support identical to the cross shaped domain C, consists
of two parts, the continuous spectrum, with associated
propagating modes of infinite L2-norm that obey to the
boundary conditions (5), but are extended over the entire
QW, and the discrete (point-like) spectrum, with at least
one localised eigenfunctions ψ
(C)
0,γ (r) of finite L2-norm (2).
A quantum particle with energy equal to the eigenvalue
E
(C)
0,γ of a localised eigenmode ψ
(C)
0,γ (r) is trapped in the
localisation region around the crossing zone A0, so it can-
not propagate along the arms A1,...,A4 of the domain C.
4The ground state mode ψ
(C)
0 (r) of Hkin not only solves
(6), but obeys to the normalization constraint (2) and
fulfills the hard wall boundary condition (5). The asso-
ciated eigenvalue E
(C)
0 of the ground state mode is below
the excitation threshold ε
(C)
xt of the QW:
0 < E
(C)
0 < ε
(C)
xt (11)
For the cross shaped waveguide C with its infinitely
extended arms A1,...,A4 the normalization condition (2)
cannot be fulfilled if the energy eigenvalue E
(C)
0 of the
particle was above the excitation threshold ε
(C)
xt . Remark-
ably, the continuous spectrum of the kinetic energy oper-
ator Hkin may also contain embedded discrete eigenval-
ues E
(C)
0,γ > ε
(C)
xt , with associated eigenfunctions ψ
(C)
0,γ (r)
that are localised [16], but display characteristic nodes
along various symmetry planes of the domain C. Below
we identify some of these embedded eigenstates ψ
(C)
0,γ (r)
of the Hamiltonian Hkin as new ground states associated
with the action of Hkin being restricted to wavefunctions
with a support equal to the waveguides L and T .
Starting at initial time τ0 from an intial configuration
ψAl (r; τ0) prescribed in the subdomains Al ⊂ C , we now
calculate for j ∈ {0, 1, 2, 3, 4} intermediate configurations
ψAj (r; τn) from the recursion [42]
τn+1 = τn + ∆τ for n = 0, 1, 2, 3, ... (12)
ψAj (r; τn+1) =
4∑
l=0
∫
Al
d3r′KAj ,Al (r, r′; ∆τ)ψAl (r′; τn)
According to what has been stated in [42], a normalized
ground state mode ψ
(C)
0 (r) with energy eigenvalue E
(C)
0
is then determined by the limit n→∞ of this process:
ψ
(C)
0 (r) = limn→∞
ψ(r; τn)√∫
C d
3r′ |ψ(r′; τn)|2
(13)
Here, for r ∈Aj and r′∈Al , the kernel functions
KAj ,Al (r, r′; ∆τ) =
[〈r| e−∆τHkin |r′〉]
r∈Aj ,r′∈Al repre-
sent the various pieces of the short-time expansion of the
imaginary time quantum propagator obeying to Dirich-
let boundary value conditions at the walls ∂C of our
waveguide. Explicit expressions for the kernel functions
KAj ,Al (r, r′; ∆τ) for small ∆τ are listed in appendix B.
The short-time asymptotics of the as-
sociated quantum propagator at real time[〈r| e−i∆tHkin |r′〉]
r∈Aj ,r′∈Alactually describes an
isotropic source of particles that emanate during time
∆t from the location r′ of the source at intial time
t = 0 along classical trajectories to the endpoint r,
possibly undergoing mirror reflection at the hard walls
∂C. The full quantum mechanics at later times tn = n∆t
is recovered then by the superposition principle as
represented by the Chapman-Kolmogorov identity (12).
For a thorough discussion why quantum motion of
a massive particle for short times ∆t may indeed be
considered as classical see [30].
In the numerical calculations we represent the func-
tions ψAl (r
′; τn) by the method of barycentric interpola-
tion [29], restricting the points r ∈ Aj and r′ ∈ Al to a
(non equidistant) Chebyshev tensor grid. The number of
grid points, say in the arm A1, we chose Nx×Ny×Nz =
40 × 20 × 20. As time step we chose ∆τ = 0.01 ×
[
~
εL
]
.
The integrals with the kernel functions need then to be
evaluated (with high accuracy) for fixed ∆τ and a fixed
geometry with tube diameters w
(C)
a = 2La just once, at
the start of the iteration. Details of the analytical and
numerical calculations can be found in [42].
Symmetry Classification. The group of discrete
symmetry operations leaving the cross shaped domain
C invariant is the well known (abelian) point group
D2h. It consists of eight discrete symmetry opera-
tions, namely the identity id and the inversion opera-
tion I, the rotations C2 (x), C2 (y), C2 (z) around the
axes ex, ey, ez by an angle pi, and the reflections σ (xy) ,
σ (xz), σ (yz) at the respective xy-, xz- and yz-symmetry
planes. Therefore, because the kernel K(r, r′; ∆τ) is
invariant under all operations of the point group D2h
(applied simultaneously to r and r′), choosing an in-
tial wave function ψ
(in)
γ (r) that is a representation of
D2h, all the iterated functions ψγ(r; τn) will preserve
the parity ±1 of the intial wave function ψ(in)γ (r) un-
der these eight symmetry operations. Here the label
γ ∈ {Ag, B1g, B2g, B3g, Au, B1u, B2u, B3u} specifies the
possible (irreducible) representations of D2h.
Being interested mainly in the ground state of the ki-
netic energy operator Hkin, when the latter is restricted
to operate on wave functions with a support equal to the
domain C and obeying to Dirichlet boundary conditions
at the walls ∂C, we restrict in the following to a subspace
of eigenmodes that all are even under reflection at the
symmetry plane z = 0, thus prohibiting for γ any other
option but γ ∈ {Ag, B1g, B2u, B3u}. Also let us assume
(without loss of generality) a restriction for the lateral
tube diameters, w
(C)
y ≤ w(C)x .
The Ground State Modes in C , L and T . De-
pending on the choice of symmetry of the intial wave
function ψ
(in)
γ (r) at the start, we find employing the
iteration explained in [42], besides the ground state
ψ
(C)
0,Ag
(r) with eigenvalue E
(C)
0,Ag
< ε
(C)
xt , for symmetries
γ ∈ {B1g, B2u, B3u} further localised modes ψ(C)0,γ (r) with
a corresponding eigenvalue E
(C)
0,γ > ε
(C)
xt . It is a feature
of such eigenmodes ψ
(C)
0,γ (r) that on one hand the corre-
sponding eigenvalue E
(C)
0,γ belongs to the point spectrum
of Hkin, on the other hand it is embedded into the contin-
uous spectrum of Hkin comprising the stationary modes
with infinite L2-norm propagating along the infinitely ex-
tended arms Aj of the domain C.
In the case of Ag-symmetry the localised mode
5ψ
(C)
0,Ag
(r) stays invariant under all symmetry operations
of the group D2h. The corresponding eigenvalue E
(C)
0,Ag
of ψ
(C)
0,Ag
(r) is below the excitation threshold ε
(C)
xt of the
waveguide C , so that 0 < E(C)0,Ag < ε
(C)
xt . The mode
ψ
(C)
0,Ag
(r) is nodeless inside C, and it remains for arbitrary
tube widths w
(C)
y and w
(C)
x localised around the crossing
zone A0 ⊂ C. The mode ψ(C)0 (r) ≡ ψ(C)0,Ag (r) represents
the highly symmetric ground state of a particle moving
inside C.
In the case of B1g-symmetry the localised eigenmode
ψ
(C)
0,B1g
(r) has odd parity under the reflections σ (xz),
σ (yz):
ψ
(C)
0,B1g
(x, y, z) = −ψ(C)0,B1g (−x, y, z) (14)
ψ
(C)
0,B1g
(x, y, z) = −ψ(C)0,B1g (x,−y, z)
Clearly, the mode ψ
(C)
0,B1g
(r) displays inside the domain C
two nodal surfaces coinciding with the symmetry planes
x = 0 and y = 0. In the limit of a large tube height
w
(C)
z  L and assuming tube widths w(C)x = w(C)y =
2L the localised eigenmode ψ
(C)
0,B1g
(r) was first obtained
in [16]. However, a localised embedded mode ψ
(C)
0,B1g
(r)
ceases to exist if the tube widths ratio κ(C) =
w(C)y
w
(C)
x
≤ 1
is too small. A localised mode ψ
(C)
0,B1g
(r) only exists if
κ
(C)
c,B1g
< κ(C) ≤ 1, where according to our calculations
the lower bound is κ
(C)
c,B1g
' 0.89 , independent on w(C)z .
In the case of B3u-symmetry the localised eigenmode
ψ
(C)
0,B3u
(r) has odd parity under the reflection σ (yz), but
has even parity under the reflection σ (xz):
ψ
(C)
0,B3u
(x, y, z) = −ψ(C)0,B3u(−x, y, z) (15)
ψ
(C)
0,B3u
(x, y, z) = ψ
(C)
0,B3u
(x,−y, z)
The mode ψ
(C)
0,B3u
(r) reveals inside the domain C a nodal
surface coinciding with the plane x = 0. Assuming a
symmetrical choice of tube widths w
(C)
x = w
(C)
y no lo-
calised embedded eigenmode ψ
(C)
0,B3u
(r) exists for any box
height w
(C)
z . But a localised embedded mode ψ
(C)
0,B3u
(r)
indeed exists for κ(C) < κ
(C)
c,B3u
, where according to our
calculations the upper bound is κ
(C)
c,B3u
' 0.63 , indepen-
dent on w
(C)
z . The case of B2u-symmetry is very similar
to the case of B3u-symmetry. Corresponding to a trans-
position of coordinate labels x and y it needs here no
separate discussion.
Next we consider two subdomains of C, the T -shaped
subdomain T , see Fig.1, and the L-shaped subdomain
L, see Fig.1:
T = {(x, y, z) ∈ C | x ≥ 0 } (16)
L = {(x, y, z) ∈ C | (x ≥ 0) ∧ (y ≥ 0) }
There holds L ⊂ T ⊂ C, the domain L forming a quarter
and the domain T forming a half of the original cross
shaped domain C. The respective tube diameters w(Γ)a
are then connected:
w(L)z = w
(T )
z = w
(C)
z (17)
2w(L)y = w
(T )
y = w
(C)
y
2w(L)x = 2w
(T )
x = w
(C)
x
This implies for the excitation thresholds ε
(L)
xt and ε
(T )
xt of
the waveguides L and T according to (10) the property
ε
(C)
xt = ε
(L)
xt ≤ ε(T )xt (18)
Incidentally, if the localised embedded mode ψ
(C)
0,B1g
(r)
is restricted to the L-shaped subdomain L ⊂ C, it coin-
cides with the ground state mode ψ
(L)
0 (r) of the Hamil-
tonian Hkin , granted the action of the operator Hkin is
restricted solely to wave functions with a support identi-
cal to L. By construction, the function
ψ
(L)
0 (r) = ψ
(C)
0,B1g
(r)|r∈L (19)
obeys at the walls ∂L of L to Dirichlet boundary value
conditions, because both nodal planes of the mode
ψ
(C)
0,B1g
(r), namely x = 0 and y = 0, now also belong
to the boundary ∂L of L, see Fig.1. Inside L the mode
ψ
(L)
0 (r) is nodeless. For the corresponding eigenvalue
E
(L)
0 ≡ E(C)0,B1g there holds E
(L)
0 < ε
(L)
xt .
Similarly, if the localised solution ψ
(C)
0,B3u
(r) is re-
stricted to the T -shaped subdomain T ⊂ C, it coincides
with the ground state ψ
(T )
0 (r) of the Hamiltonian Hkin,
granted the action of the operatorHkin is restricted solely
to wave functions with a support identical to T . The
function
ψ
(T )
0 (r) = ψ
(C)
0,B3u
(r)|r∈T (20)
obeys at the walls ∂T of T to Dirichlet boundary value
conditions, the nodal plane x = 0 now also belonging to
the boundary ∂T , see Fig.1. Inside T the mode ψ(T )0 (r)
is nodeless. For the corresponding eigenvalue E
(T )
0 ≡
E
(C)
0,B3u
there holds E
(T )
0 < ε
(T )
xt .
In Fig.2 we display the highly symmetric localised
ground state ψ
(C)
0 (r) of Hkin for a particle moving in-
side C, for two sets of tube diameters w(C)a , restricting to
the plane z = 0. The wave function ψ
(C)
0 (r) takes on its
maximum value at the center rM = (0, 0, 0) of the cross-
ing zone A0, while it vanishes everywhere at the hard
walls ∂C, and it decays exponentially along the axes of
the arms A1,...,A4.
In Fig.3 we display the localised ground state ψ
(L)
0 (r)
of Hkin for a particle moving inside L, for two sets of tube
diameters w
(L)
a , restricting to the plane z = 0. The wave
function ψ
(L)
0 (r) takes on its maximum value at the center
6FIG. 2. The highly symmetric groundstate ψ
(C)
0 (r) localised
around the crossing zone of a wave-guide C for different choice
of tube widths. Upper plot w
(C)
x = w
(C)
y = w
(C)
z = 2L , lower
plot w
(C)
x = w
(C)
z = 2L and w
(C)
y = 0.6w
(C)
x . Both plots restrict
to the plane z = 0. Length measured in units of L.
of the corner zone of L, while it vanishes everywhere at
the hard walls ∂L, and it decays exponentially along the
axes directions ex and ey.
In Fig.4 we display the localised ground state ψ
(T )
0 (r)
of Hkin for a particle moving inside T , for two sets of
tube diameters w
(T )
a , restricting to the plane z = 0. The
wave function ψ
(T )
0 (r) takes on its maximum value at the
center of the branching zone of T , while it vanishes every-
where at the hard walls ∂T , and it decays exponentially
along the axes directions ex and ey.
In Fig.5 we display for all three waveguides Γ ∈
{C, T ,L} the eigenvalues E(Γ)0 of the associated ground
state eigenmode ψ
(Γ)
0 (r) , plotting the ratios E
(Γ)
0 /ε
(Γ)
xt
as a function of the thickness parameter w
(Γ)
z of the re-
spective waveguides, restricting to a symmetric choice of
tube widths, κ(Γ) ≡ w(Γ)y /w(Γ)x = 1. In the limit of a thin
layer, w
(Γ)
z → 0 , there holds E(Γ)0 → ε(Γ)xt . For thick lay-
ers (not a ’thin’ film) corresponding to the planar limit
w
(Γ)
z → ∞ (two-dimensional Laplace operator), calcula-
tions based on our heat kernel method confirm the eigen-
value E
(C)
0 = 0.659 ×ε(C)xt for the ground state ψ(C)0 (r) for
a symmetric crossing C with κ(C) = 1 , and the eigen-
In[1056]:= GraphicsColumn@8plot2PsiL, plot2PsiLwx<D
Out[1056]=
FIG. 3. The localised groundstate ψ
(L)
0 (r) around the corner
zone of an L-shaped waveguide L for different choice of tube
widths. Upper plot w
(L)
x = w
(L)
y = L and w
(L)
z = 2L, lower
plot w
(L)
x = L, w
(L)
z = 2L and w
(L)
y = 0.95w
(L)
x . Both plots
restrict to the plane z = 0. Length measured in units of L.
value E
(L)
0 = 0.929 ×ε(L)xt for the ground state ψ(L)0 (r)
for a symmetric cranked waveguide L with κ(L) = 1,
in complete agreement with previous calculations [16],
[31], [32], [21], [33] based on solving the two-dimensional
Schro¨dinger eigenvalue problem with a variational collo-
cation ansatz.
We find that the eigenvalue E
(Γ)
0 of the ground state
modes ψ
(Γ)
0 (r) of a massive particle moving inside a re-
alistic thin film or three-dimensional QW depends in-
deed strongly on the thickness parameter w
(Γ)
z , as can be
seen from the results displayed in Fig.5, Fig.6. While the
eigenvalues E
(Γ)
0 certainly depend on w
(Γ)
z , the localisa-
tion lengths λ
(Γ)
x and λ
(Γ)
y of the eigenmodes ψ
(Γ)
0 (r) along
the respective tube axes ex and ey of the waveguides
Γ ∈ {C, T ,L} are independent on the tickness param-
eter w
(Γ)
z , because at a large distance to the respective
branching zones of Γ the Schro¨dinger eigenvalue problem
(6) is completely separable.
For an asymmetric crossing of two waveguides with dif-
ferent tube widths, assuming w
(C)
y < w
(C)
x , see Fig.1, the
localised ground state ψ
(C)
0 (r) then decays exponentially
along the axes ex and ey of C, displaying a smaller decay
7FIG. 4. The localised groundstate ψ
(T )
0 (r) around the branch-
ing zone of the T -shaped waveguide T for different choice
of tube widths. Upper plot w
(T )
x = L, w
(T )
y = 0.6L and
w
(T )
z = 2L , lower plot w
(T )
y = 1.2L, w
(T )
x = L and
w
(T )
z = 2L. Both plots restrict to the plane z = 0. Length
measured in units of L.
length λ
(C)
x along the tube axes ±ex of the arms with
shorter lateral size w
(C)
y , and a larger decay length λ
(C)
y
along the tube axes ±ey of the arms with wider lateral
size w
(C)
x .
While there always exists a localised ground state
ψ
(C)
0 (r) around the crossing zone A0 ⊂ C for any choice
of tube widths w
(C)
y and w
(C)
x , see Fig.7, a localised
ground state ψ
(L)
0 (r) around the corner of the cranked L-
shaped waveguide L only exists if the tube widths ratio
κ(L) =
w(L)y
w
(L)
x
is not too small, i.e. a localised ground state
exists provided κ
(L)
c < κ(L) , with κ
(L)
c denoting a char-
acteristic lower bound of tube widths ratios. Choosing
w
(L)
z = 2L = w
(L)
x we obtain from our three-dimensional
numerical calculations a value around κ
(L)
c ' 0.89 , see
Fig.7.
On the other hand, for an asymmetric wave guide T
a localised ground state ψ
(T )
0 (r) around the branching
zone of T only exists, if the ratio κ(T ) = w
(T )
y
w
(T )
x
is not
too big, i.e. a localised ground state exists provided
0 < κ(T ) < κ(T )c . Choosing w
(T )
z = L = w
(T )
x we
æ
æ
æ
æ
æ
æ
æ
æ æ æ
à
à
àà à à à à à à
ì
ì
ì
ì
ì ì ì ì ì ì
2 4 6 8 10 12
wz
HGL0.65
0.70
0.75
0.80
0.85
0.90
0.95
1.00
E0
HGLΕxtHGL
C
T
L
FIG. 5. The ratio E
(Γ)
0 /ε
(Γ)
xt of the eigenvalue E
(Γ)
0 to the
threshold energy ε
(Γ)
xt corresponding to the localised ground-
state mode ψ
(Γ)
0 (r) in the respective waveguide geometries
Γ ∈ {C, T ,L} as a function of the tube height w(Γ)z , assuming
fixed tube widths w
(Γ)
x = w
(Γ)
y . Length measured in units of
L.
find from our three-dimensional numerical calculations
a value around κ
(T )
c ' 1.26 , see Fig.7.
Similar (equivalent) results for asymmetric (but pla-
nar) waveguides were recently obtained by Nazarov [34]
, and independently by Amore et al. [32] using precise
numerical collocation (using many grid points). Coupled
waveguide geometries of finite extension may also display
a high sensitivity of the localisation of the ground state
mode to slight changes of the geometrical shape [28], [35].
A possible physical explanation why for a single par-
ticle a localised ground state ceases to exist around the
corner zone in L for κ(L) ≤ κ(L)c , and likewise ceases to
exist around the branching zone in T for κ(T )c ≤ κ(T ),
but always exists around the crossing zone A0 ⊂ C for
any κ(C) > 0, we discuss in the next section III
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x assuming different
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FIG. 7. Inverse localisation lengths 1/λ
(Γ)
y along tube axis
ey (red line) and 1/λ
(Γ)
x along tube axis ex (blue line) of
prototype waveguides Γ ∈ {C,L, T } as function of respective
tube widths ratio κ(Γ) = w
(Γ)
y /w
(Γ)
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w
(Γ)
z = 2L. Upper plot w
(C)
x = 2L, middle plot w
(L)
x = L,
lower plot w
(T )
x = L. If κ
(L) < κ(L)c ' 0.89 no localised
ground state ψ
(L)
0 (r) exists, if κ
(T ) > κ(T )c ' 1.26 no localised
ground state ψ
(T )
0 (r) exists. Length measured in units of L.
III. REASON FOR NON STANDARD
TRAPPING AROUND BRANCHING ZONES IN
QUANTUM WAVEGUIDES
Besides bouncing back and forth from the hard walls
a classical particle senses no extra force when it moves,
say along the tube axis ey, inside the cross shaped waveg-
uide C. The question is then, why in quantum mechanics
the ground state ψ
(C)
0 (r) of a particle moving inside C is
always localised around the crossing zone A0 ⊂ C with
an eigenvalue E
(C)
0 below the excitation threshold ε
(C)
xt .
The key observation to answer this question is, that far
from the crossing zone A0, say deep inside the arms A2
and A4, the Schro¨dinger eigenvalue problem is separa-
ble, so that ψ
(C)
0 (r) = ψ
(C)
⊥ (r⊥)φ
(C)
0 (y). Introducing the
function
φ
(C)
0 (y) =
∫ ∞
−∞
dx
∫ Lz
−Lz
dz ψ
(C)
⊥ (r)ψ
(C)
0 (r) (21)
we see that (6) is equivalent to a one-dimensional
Schro¨dinger eigenvalue problem[
−∂2y + V (C)⊥ (y)
]
φ
(C)
0 (y) = E
(C)
0 φ
(C)
0 (y) (22)
, but with an effective potential V
(C)
⊥ (y) generated by the
transversal kinetic energy,
V
(C)
⊥ (y) =
∫∞
−∞ dx
∫ Lz
−Lz dz ψ
(C)
⊥ (r)
(−∂2x − ∂2z)ψ(C)0 (r)∫∞
−∞ dx
∫ Lz
−Lz dz ψ
(C)
0 (r)ψ
(C)
⊥ (r)
(23)
, as the coordinate y runs along the tube axis ey.
A. Non Standard Trapping in C.
For example, consider equal tube diameters w
(C)
x =
w
(C)
y = w
(C)
z = 2L. Then a rather accurate fit to the spa-
tial variation of the transversal part ψ
(C)
⊥ (r) of the nu-
merically calculated three-dimensional ground state wave
function ψ
(C)
0 (r) inside the respective tube segments Aj
is
ψ
(C)
⊥ (r) =

a⊥ cos
(
pi
2Lx
)
cos
(
pi
2Lz
z
)
for r ∈A2 ∪ A4
a⊥
cosh2( x2λ )
cos
(
pi
2Lz
z
)
for r ∈A0 ∪ A1 ∪ A3
0 for r /∈C
Here, the length λ is equal to the numerically determined
localisation length of the three-dimensional ground state
wave function ψ
(C)
0 (r) for a single particle, see Fig.2.
As can be seen in Fig.8, the effective potential V
(C)
⊥ (y)
calculated from (23) takes on the form of a one-
dimensional box-shaped potential as one traverses the
crossing zone A0 ⊂ C along the tube axis ey:
V
(C)
⊥ (y) =
{
V
(C)
⊥,0 for |y| < L
ε
(C)
xt for |y| > L
(24)
, with ε
(C)
xt = lim|y|→∞ V
(C)
⊥ (y) > V
(C)
⊥,0 ≥ 0 denoting here
the excitation threshold in the arms A2 , A4. Actually
there holds ε
(C)
xt > V
(C)
⊥,0 for arbitrary cross shaped waveg-
uides C, so the potential V (C)B (y) is always attractive and
has therefore a finite binding strength (scaled units)
b
(C)
⊥ =
√
ε
(C)
xt − V (C)⊥,0 (25)
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FIG. 8. Effective one-dimensional potential V
(C)
⊥ (y) vs. y
as sensed by a particle traversing the crossing region of the
waveguide C. Length and energy measured in units of L and
εL, respectively.
The existence of a bound state with even parity localised
inside the box |y| < L is then granted (see any standard
text on Quantum Mechanics, e.g. [36]). So it is the rapid
change of the transversal kinetic energy that occurs in
our waveguide system around the crossing zone A0 ⊂ C ,
see Figure (1), that provides the physical mechanism for
trapping a quantum particle of mass m in that region.
Via the excitation threshold ε
(C)
xt , see 10, the strength of
this unconventional trapping force is not only dependent
on the respective tube sizes w
(C)
a , but also dependent
on mass, a lighter particle thus experiencing a stronger
trapping force than a heavier one!
Because for an attractive one-dimensional box-shaped
potential V
(C)
⊥ (y) there always exists a localised ground
state with even parity for any value of the binding
strength b
(C)
⊥ > 0, one may further simplify the problem.
Being only interested in the asymptotic behaviour of the
ground state φ
(C)
0 (y) at a large distance |y| >> L to the
crossing zone A0 , we may replace V (C)⊥ (y) by an equiva-
lent attractive delta function potential (scaled units):
V
(C)
⊥ (y)→ V˜ (C)⊥ (y) = ε(C)xt −
2
λ
δ(y) (26)
The associated normalised bound state wave function
φ˜
(C)
0 (y) is then (see any standard text on Quantum Me-
chanics, for example [36]):
φ˜
(C)
0 (y) =
√
1
λ
exp
(
−|y|
λ
)
(27)
This formula provides for |y| >> L the asymptotic be-
haviour of the ground state φ
(C)
0 (y). It follows at once
that the eigenvalue E
(C)
0 associated with φ
(C)
0 (y) is given
by (scaled units)
E
(C)
0 = ε
(C)
xt −
1
λ2
(28)
In order that such a toy model actually makes sense it is
mandatory that λ > L , where w
(C)
y = 2L measures the
lateral size of the crossing zone, see Fig.8. It turns out
that our results from the full three-dimensional numerical
calculations for the localised ground state ψ
(C)
0 (r) indeed
fulfill this requirement.
x
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FIG. 9. Effective one-dimensional attractive potential
V
(L)
⊥ (x) vs. x as sensed by a particle approaching the cor-
ner zone of the L-shaped waveguide L. Length and energy
measured in units of L and εL, respectively.
B. Non Standard Trapping in L.
The cranked L-shaped waveguide L displayed in Fig.1
may be considered as a subdomain (one quarter) of the
crossing geometry C. To keep the notation compatible
with the one employed to describe the original waveg-
uide C, the height of the tubes comprising L is de-
noted as w
(L)
z = 2Lz, while the lateral widths of the
tubes with axis ey and ex, respectively, are denoted as
10
w
(L)
x =
w(C)x
2 = L and w
(L)
y =
w(C)y
2 = Ly. Traversing the
domain L, say parallel to the tube axis ex , see Fig.1,
there results in analogy to the previous consideration for
the domain C an effective one-dimensional Schro¨dinger
eigenvalue problem[
−∂2x + V (L)⊥ (x)
]
φ
(L)
0 (x) = E
(L)
0 φ
(L)
0 (x) (29)
Here, the support of φ
(L)
0 (x) is restricted to the half line
x > 0 with the effective one-dimensional potential, see
(23), now describing the drop in the transversal kinetic
energy around the corner of L :
V
(L)
⊥ (x) =

∞ for x = 0
V
(L)
⊥,0 for 0 < x < L
ε
(L)
xt for L < x
(30)
The constant V
(L)
⊥,0 < ε
(L)
xt describes the effect, that the
transversal kinetic energy may assume a finite value in-
side the central region A0, possibly also depending on
the tube size parameters w
(L)
a .
The problem to find the ground state for this poten-
tial V
(L)
⊥ (x) on the half line 0 < x < ∞ is equivalent
to looking for the lowest lying eigenstate with odd par-
ity for an attractive one-dimensional box-shaped poten-
tial V
(C)
⊥ (x) of the type (24) extended along the full real
axis −∞ < x < ∞. As is well known, the existence of
a localised eigenstate with odd parity for an attractive
box-shaped potential like V
(C)
⊥ (x) requires a sufficiently
strong binding strength (scaled units)
b
(L)
⊥ =
√
ε
(L)
xt − V (L)⊥,0 >
pi
2
(31)
(see any standard text on Quantum Mechanics, for ex-
ample [36]). It is clear from what has been said, that
there exists no localised ground state around the cor-
ner of a quantum waveguide L if its tube widths ratio
κ(L) =
w(L)y
w
(L)
x
is below a critical value κ
(L)
c , in agreement
with results obtained from the full three-dimensional nu-
merical calculations presented in Fig.7. As the ratio κ(L)
approaches its lower bound κ
(L)
c , the binding strength
b
(L)
⊥ approaches (from above) the critical value
pi
2 , and
the localisation length λ diverges.
C. Non Standard Trapping in T .
Traversing the waveguide T along the tube axis ey,
see Fig.1, the effective one-dimensional potential asso-
ciated with the drop in the transversal kinetic energy
around the braching zone may be described by a po-
tential V
(T )
⊥
(
x =
w(T )x
2 , y
)
vs. y similar to the one dis-
played in Fig.8 for the waveguide C. But traversing T
along the tube axis ex the corresponding effective po-
tential V
(T )
⊥
(
x, y =
w(T )y
2
)
vs. x is similar to the one
displayed in Fig.9 for the domain L. It follows from
what has been said before, that a localised ground state
around the branching zone of a T -shaped waveguide T
exists only if the ratio of tube widths κ(T ) =
w(T )y
w
(T )
x
is not
too large, thus ensuring a large enough binding strength
b
(T )
⊥ >
pi
2 of the effective potential V
(T )
⊥ (x), in agreement
with the results of the full three-dimensional numerical
calculations presented in Fig.7.
IV. LOCALISED BEC GROUND STATES
AROUND BRANCHING ZONES IN C , L AND T .
To find the optimal GP-orbital ψ(C)(r) determining the
Hartree ground state (1) of an interacting BEC confined
around the crossing zone of the waveguide C we need to
solve the Gross-Pitaevskii equation (3). To construct a
suitable splitting scheme we consider an auxiliary diffu-
sion process:
− ∂
∂τ
ψ(r, τ) = [Hkin + Uψ(r, τ)]ψ(r, τ) (32)
However, because the amplitude of the auxiliary wave
function ψ(r, τ) decays exponentially with diffusion time
τ as the diffusion process progresses the interaction term
neeeds explicit normalization [37]:
Uψ(r, τ) = (N − 1) 4pi~
2as
m
|ψ(r, τ)|2∫
C d
3r′ |ψ(r′, τ)|2 (33)
Apparently, for large diffusion time τ then Uψ(r, τ) be-
comes independent on τ . The seeked localised GP-orbital
is thus given by
ψ(C)(r) = lim
τ→∞
ψ(r, τ)√∫
C d
3r′ |ψ(r′, τ)|2
(34)
In sharp contrast to the behaviour in a harmonic trap,
now the kinetic energy in the localised Hartree ground
of a BEC, that is confined around the crossing zone A0
of C by the described non standard trapping force, dom-
inates over the interaction energy even for a large parti-
cle number N . To solve for a large particle number N
the Gross-Pitaevskii equation (3) accurately, a specially
tailored splitting scheme is useful as described in the ap-
pendix A. The update rule that determines ψ(r, τn+1)
from a given ψ(r, τn) for a short diffusion time interval
11
∆τ consists of the following five steps:
ψ(r, τ0) = ψ
(in)(r) (35)
τn+1 = τn + ∆τ for n = 0, 1, 2, ...
ψ(IV )(r, τn) = e
−∆τ6 Uψ(r,τn)ψ(r, τn)
ψ(III)(r, τn) =
∫
C
d3r′K(r, r′,
∆τ
2
)ψ(IV )(r′, τn)
ψ(II)(r, τn) = e
− 2∆τ3 Uψ(r,τn)ψ(III)(r, τn)
ψ(I)(r, τn) =
∫
C
d3r′K(r, r′,
∆τ
2
)ψ(II)(r′, τn)
ψ(r, τn+1) = e
−∆τ6 Uψ(r,τn)ψ(I)(r, τn)
Here the kernel K(r, r′, ∆τ2 ) is associated with the kinetic
energy operator Hkin of a single particle moving inside
C and obeying to Dirichlet boundary value conditions at
the walls ∂C of that waveguide, see appendix B. It acts on
the functions ψ(IV )(r′, τn) and ψ(II)(r′, τn) as described
in the previous section II.
In the numerical calculations with the proposed split-
ting scheme we chose ∆τ = 0.01 ×
[
~
εL
]
. The obtained
results clearly show, that the optimal GP-orbital is in-
deed localised around the crossing zone A0, provided
1 ≤ N ≤ N (C)c , where N (C)c denotes a critical particle
number depending on the tube sizes w
(C)
a = 2La and the
s-wave scattering length as of the Bose atoms. Physi-
cally, N
(C)
c has the meaning of the maximal number of
particles that can be trapped in the localised Hartree
ground state by the described non standard confinement
mechanism. In particular, like in the case N = 1, there
exist localised GP-orbitals ψγ (r) displaying different dis-
crete symmetries γ ∈ {Ag, B1g, B2u, B3u}.
Not unexpectedly, the Hartree ground state (1) with
the lowest energy in the waveguide system C is buildt
from the orbital ψ(C)(r) ≡ ψAg (r) , which orbital is node-
less in C. Like in the single particle case, the optimal
GP-orbital ψ(C)(r) is localised around the origin r = 0
of the crossing zone A0 ⊂ C, but the exponential decay
of ψ(C)(r) with increasing distance to the crossing zone
is slower for higher particle numbers N , see Fig.10.
A similar behaviour is also found for the other lo-
calised GP-orbitals ψγ (r) with symmetry representa-
tion γ ∈ {B1g, B3u}, corresponding to the localised GP-
orbitals ψ(L)(r) and ψ(T )(r) comprising the localised
BEC ground states around the branching zones of the
quantum waveguides L and T , respectively. In Fig.11,
Fig.12, Fig.13 we show for the waveguides L and T the
profiles of the localised GP-orbitals ψ(L)(r) and ψ(T )(r)
for different particle numbers N . For N ≥ N (Γ)c , where
N
(Γ)
c denotes a critical particle number associated with
the respective waveguide geometries Γ ∈ {C,L, T }, a lo-
calised GP-orbital ψ(Γ)(r) ceases to exist.
For the determination of the optimal orbital ψ(Γ) (r)
and the associated chemical potential µ
(Γ)
N of the Hartree
ground state of the BEC only the effective interaction
parameter (N − 1) 8piasL matters (scaled units). As dis-
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FIG. 10. Profile of the GP-orbital ψ(C) (r) comprising the
Hartree ground state localised around the crossing zone of
the waveguide C for different particle number ratios N/N (C)c :
black line N/N
(C)
c = 0.1 , red line N/N
(C)
c = 0.5, blue line
N/N
(C)
c = 0.9. Results shown correspond to tube sizes w
(C)
x =
w
(C)
y = w
(C)
z = 2L. Distance x measured in units of L.
played in Fig.14, the critical particle number N
(Γ)
c dis-
plays the expected linear increase as the respective tube
diameter w
(Γ)
z increases.
Once the (normalized!) optimal GP-orbital ψ(Γ)(r) has
been found for the respective waveguide geometries Γ ∈
{C,L, T }, it follows directly from (3) by taking a scalar
product with the adjoint orbital
[
ψ(Γ)(r)
]†
an explicit
expression for the Lagrange parameter µ
(Γ)
N :
µ
(Γ)
N =
E
(Γ)
kin (N) + 2E
(Γ)
int (N)
N
(36)
Here
E
(Γ)
int (N) =
N (N − 1)
2
4pi~2as
m
∫
Γ
d3r|ψ(Γ)(r)|4 (37)
and
E
(Γ)
kin (N) = N
∫
Γ
d3r
[
ψ(Γ)(r)
]†
Hkinψ
(Γ)(r) (38)
, respectively, denote the interaction energy and the ki-
netic energy of the N -particle Hartree ground state (1)
associated with ψ(Γ)(r). With
E(Γ)(N) = E
(Γ)
kin (N) + E
(Γ)
int (N) (39)
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FIG. 11. Profile of the GP-orbital ψ(L) (r) comprising the
Hartree ground state localised around the corner zone of the
waveguide L for different particle number ratios N/N (L)c :
black line N/N
(L)
c = 0.1 , red line N/N
(L)
c = 0.5, blue
line N/N
(L)
c = 0.9. Results shown correspond to tube sizes
w
(L)
x = w
(L)
y = L, w
(L)
z = 2L. Distance x measured in units
of L.
denoting the total energy of the respective N -particle
Hartree ground states (1) there holds as an identity
µ
(Γ)
N = E
(Γ)(N)− E(Γ)(N − 1) (40)
So it is manifest that the Lagrange parameter µ
(Γ)
N has
the physical meaning of the chemical potential in the
ground state of a BEC.
In (15) we plot for the Hartree ground state of a BEC
localised around the crossing zone inside C the ratio of
the interaction energy E
(C)
int to the kinetic E
(C)
kin energy
vs. particle number N . The plot clearly indicates, that
such a BEC is dominated by its kinetic energy, so that
the profile of the particle density cannot be described by
the Thomas-Fermi approximation. A similar behaviour
we find for the waveguides L and T . This finding is in
sharp contrast to an interacting cold Bose gas confined in
a harmonic trap, where the kinetic energy compared to
the interaction energy becomes negligible small for large
N proportional to N −
4
5 .
The localisation lengths λ
(Γ)
N,x and λ
(Γ)
N,y , which de-
scribes the exponential decay of the GP-orbital ψ(Γ) (r)
away from the localisation zone along the tube axes ex
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FIG. 12. Profile along tube axis direction ex of the GP-orbital
ψ(T ) (r) comprising the Hartree ground state localised around
the branching zone of the waveguide T for different particle
number ratios N/N
(T )
c : black line N/N
(T )
c = 0.1 , red line
N/N
(T )
c = 0.5, blue line N/N
(T )
c = 0.9. Results shown corre-
spond to tube sizes w
(T )
x = w
(T )
y = L, w
(T )
z = 2L. Distance
x measured in units of L.
and ey of Γ, are given by
1/λ
(Γ)
N,a = − lims→∞
1
|rM + sea| ln
∣∣∣∣ψ(Γ) (rM + sea)ψ(Γ) (rM )
∣∣∣∣(41)
a ∈ {x, y}
, where rM denotes a suitable reference position, say
where the modulus
∣∣ψ(Γ) (r)∣∣ attains its maximum, see
also Fig.10, Fig.11, Fig.12, Fig.13. As a rule the arms
of Γ ∈ {C,L, T } with a narrower lateral diameter are
associated with a shorter localisation length.
In Fig.17 the inverse localisation lengths 1/λ
(Γ)
N,x and
1/λ
(Γ)
N,y are plotted vs. particle number N (using L as
unit of length) for two sets of lateral tube diameters with
ratio κ(Γ) =
w(Γ)y
w
(Γ)
x
. The green curves refer to a symmetric
choice κ(Γ) = 1 assuming w
(C)
x = 2L, w
(L)
x = L, w
(T )
x = L
and tube heights w
(Γ)
z = 2L. The blue and red curves re-
fer to an asymmetric choice of tube widths, κ(C) = 0.8
, κ(L) = 0.95, κ(T ) = 0.8. The results of our full three-
dimensional numerical calculations clearly show that de-
pending on the choice of κ(Γ) the localisation length
along the arms of wider lateral diameter commences
to diverge when the particle number N approaches the
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FIG. 13. Profile along tube axis direction ey of the GP-orbital
ψ(T ) (r) comprising the Hartree ground state localised around
the branching zone of the waveguide T for different particle
number ratios N/N
(T )
c : black line N/N
(T )
c = 0.1 , red line
N/N
(T )
c = 0.5, blue line N/N
(T )
c = 0.9. Results shown corre-
spond to tube sizes w
(T )
x = w
(T )
y = L, w
(T )
z = 2L. Distance y
measured in units of L.
critical particle number N
(Γ)
c = N
(Γ)
c
(
w
(Γ)
x , w
(Γ)
y , w
(Γ)
z
)
.
Apparently the inverse of the larger localisation length
scales linearly with particle number N over the full range
1 ≤ N ≤ N (Γ)c .
For the chemical potential µ
(Γ)
N of the localised Hartree
ground state inside the respective waveguides Γ ∈
{C, T ,L} there holds 0 < µ(Γ)N < ε(Γ)xt . In Fig.18 we
plot the square root
√
ε
(Γ)
xt − µ(Γ)N of the difference of the
excitation threshold ε
(Γ)
xt to the chemical potential µ
(Γ)
N
vs. particle number N choosing the respective tube di-
ameters like in Fig.17. A linear decrease with increasing
particle number N of the function
√
ε
(Γ)
xt − µ(Γ)N is clearly
visible in all results of our numerical calculations over
the full range 1 ≤ N ≤ N (Γ)c . For N → N (Γ)c with
N
(Γ)
c = N
(Γ)
c
(
w
(Γ)
x , w
(Γ)
y , w
(Γ)
z
)
the chemical potential
µ
(Γ)
N approaches the excitation threshold ε
(Γ)
xt for a single
particle. We find excellent agreement of the numerical
results for µ
(Γ)
N with the following scaling relation
µ
(Γ)
N=Nc
− µ(Γ)N
µ
(Γ)
N=Nc
− µ(Γ)N=1
=
(
1− N − 1
N
(Γ)
c − 1
)2
(42)
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FIG. 14. Plot of the critical particle number N
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c − 1 vs.
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z for the cross shaped geometry C (blue line),
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HCL
FIG. 15. Ratio E
(C)
int/E
(C)
kin as a function of normalized particle
number (N − 1)/N (C)c for the Hartree ground state localised
around the crossing zone of the waveguide C. The curves refer
to at fixed choice of lateral tube diameters w
(C)
x = w
(C)
y = 2L,
but different tube heights: w
(C)
z = L (open black circles),
w
(C)
z = 2L (red squares), w
(C)
z = 4L (open brown circles),
w
(C)
z = 8L (green diamonds). Further increase of w
(C)
z gives
for E
(C)
int/E
(C)
kin results close to the results obtained for w
(C)
z =
8L.
The displayed apparent linear scaling of
√
µ
(Γ)
N=Nc
− µ(Γ)N
vs. particle number N is in sharp contrast to the well
known scaling µN ∝ N
2
5 of the chemical potential µN in
a conventional harmonic atom trap [38]. Though for (an-
harmonic) shallow atom trap potentials there also exists
a critical particle number Nc, only small deviations to
the scaling µN ∝ N
2
5 have been reported [41]. For com-
parison we show in Fig. 16 the function
√
µN=Nc − µN
as obtained for shallow conservative trap potentials [41],
and also for a harmonic trap of finite depth. It is clearly
visible, that the described non standard trapping around
a crossing or branching zone of a QW with regard to the
14
0.2 0.4 0.6 0.8 1.0 NNc
0.2
0.4
0.6
0.8
1.0
cHNL
FIG. 16. The function c (N) =
√
µN=Nc−µN
µN=Nc−µN=1
vs. normal-
ized particle numbers N/Nc for chemical potential µN cor-
responding to: (i) a shallow conservative trap potential as
considered in Ref.[41] (blue line), (ii) a harmonic trap poten-
tial of finite depth (green line), (iii) the non standard trapping
around the crossing of a QW (red line). The particle number
Nc denotes the maximum number of particles in the respec-
tive traps.
dependence on particle number N noticeably differs from
results obtained for conservative trap potentials.
In Fig.19 we display the effect interactions have on the
localisation length 1/λ
(Γ)
N,x and 1/λ
(Γ)
N,y of the ground state
of a BEC for various particle numbers N as a function of
the ratio κ(Γ) =
w(Γ)y
w
(Γ)
x
of lateral tube diameters (we assume
w
(C)
y ≤ w(C)x ). The previously established bounds for the
localisation of a single particle are clearly changed, see
Fig.7. According to our numerical calculations a localised
Hartree ground state exists (i) around the crossing zone
of the waveguide C only for κ(C)c (N) < κ(C), (ii) around
the corner of the waveguide L only for κ(L)c (N) < κ(L)
, and (iii) around the branching zone of the waveguide
T only in the interval κ(T )c,1 (N) < κ(T ) < κ(T )c,2 (N). We
find all the lower bounds κ
(C)
c (N), κ
(L)
c (N) and κ
(T )
c,1 (N)
increase as N increases, while the upper bound κ
(T )
c,2 (N)
decreases as N increases.
The observed scaling laws for the localisation lengths
λ
(Γ)
N,a (see Fig. 17) and the non standard scaling law of the
chemical potential µ
(Γ)
N vs. particle number N (see Fig.
18), as obtained from our full three-dimensional numeri-
cal calculations, can be explained in terms of analytical
results derived from a simple toy model that we discuss
in section V.
V. SCALING LAWS FOR LOCALISATION
LENGTH AND CHEMICAL POTENTIAL VS.
PARTICLE NUMBER N FROM A TOY MODEL.
When a single atom traverses the crossing zone A0 of
size 2L of the waveguide C its transversal kinetic energy
undergoes a sudden drop. As shown already in section
III for a single particle, see also [26], the influence of
this sudden drop on the asymptotic decay of the ground
In[6830]:= GraphicsColumnA9plotLambdaC, plotLambdaL, plotLambdaT=E
Out[6830]=
æ
æ
æ
æ æ æ æ æ
à
à
à
à
à
à
à
à
ì
ì
ì
ì
ì
ì
ì
0.2 0.4 0.6 0.8 1.0 NNc
HCL
0.2
0.4
0.6
0.8
1.0
1.2
1.4
1ΛN ,a
HCL
1ΛN ,x
1ΛN ,y
HAL
HSL
HAL
æ
æ æ æ æ æ æ
à
à
à
à
à
à
à
ì
ì
ì
ì
ì
ì
0.2 0.4 0.6 0.8 1.0 NNc
HLL
0.2
0.4
0.6
0.8
1.0
1ΛN ,a
HLL
1ΛN ,x
1ΛN ,y
HAL
HSL
HAL
æ
æ æ æ æ æ
à
à
à
à
à
à
ì
ì
ì
ì
ì
ì
0.2 0.4 0.6 0.8 1.0 NNc
HT L
0.5
1.0
1.5
2.0
2.5
1ΛN ,a
HT L
1ΛN ,x
1ΛN ,y
HAL
HSL
HAL
FIG. 17. The inverse localisation lengths 1/λ
(Γ)
N,x and 1/λ
(Γ)
N,y
along the respective tube axes ex and ey vs. particle number
N of the Hartree ground state of a BEC localised around
the crossing or branching zone of three prototype waveg-
uides Γ ∈ {C, L, T }. All plots refer to a tube height
w
(Γ)
z = 2L. All green lines (S) correspond to a symmet-
ric choice of lateral tube diameters w
(Γ)
y = w
(Γ)
x , all red
lines (A) correspond to an asymmetric choice w
(Γ)
y < w
(Γ)
x .
1) waveguide C : w(C)x = 2L, w(C)y = 0.8w(C)x .
2) waveguide L : w(L)x = L, w(L)y = 0.95w(L)x .
3) waveguide T : w(T )x = L, w(T )y = 0.8w(T )x .
In all plots L denotes the unit of length.
state can be modelled by an attractive delta-function po-
tential − 2λδ(x) , corresponding to a localisation length
λ > L. Such a delta-function potential is equivalent to a
jump condition for the first derivative of the wave func-
tion taken at x = 0:
[∂xφ(x) ]
x=0+
x=0− = −
2
λ
φ(0) (43)
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FIG. 18. The chemical potential µ
(Γ)
N vs. particle number
N of the Hartree ground state of a BEC localised around
the crossing or branching zone of three prototype waveg-
uides Γ ∈ {C, L, T }. All plots refer to a tube height
w
(Γ)
z = 2L. All green lines (S) correspond to a symmet-
ric choice of lateral tube diameters w
(Γ)
y = w
(Γ)
x , all red
lines (A) correspond to an asymmetric choice w
(Γ)
y < w
(Γ)
x .
1) waveguide C : w(C)x = 2L, w(C)y = 0.8w(C)x .
2) waveguide L : w(L)x = L, w(L)y = 0.95w(L)x .
3) waveguide T : w(T )x = L, w(T )y = 0.8w(T )x .
In all plots εL denotes the unit of energy.
The Gross Pitaevskii equation (3) determining the N -
particle Hartree ground state (1) of a BEC in terms of
the optimal GP-orbital ψ(C) (r) can be projected at large
distance x to the crossing zone A0 to one dimension mak-
ing the separation ansatz
ψ(C) (r)→ ψ(C)⊥ (r⊥)φ(x)
The function φN (x) in this case solves a one-dimensional
non linear Schro¨dinger equation (scaled units):
[
−∂2x + εxt − µN −
2
λN
δ(x) + (N − 1) gs |φ(x)|2
]
φ(x) = 0
(44)
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FIG. 19. Inverse localisation length 1/λ
(Γ)
N,y (red and orange
line) and 1/λ
(Γ)
N,x (blue and cyan line) of the Hartree ground
state in the quantum waveguides Γ ∈ {C,L, T } for differ-
ent ratios κ(Γ) = w
(Γ)
y /w
(Γ)
x of lateral tube diameters. Curves
shown refer to two choices of particle numbers: N = 0.25N
(Γ)
c
and N = 0.5N
(Γ)
c . Here N
(Γ)
c denotes the critical parti-
cle number of the respective waveguide assuming κ(Γ) = 1.
Tube height is for all plots w
(Γ)
z = 2L, lateral tube widths are
w
(C)
x = 2L, w
(L)
x = L, w
(T )
x = L. In all plots L denotes the
unit of length.
Here gs describes the strength of the effective repul-
sive two-body interaction potential (as projected to one-
dimension), and µN is the chemical potential ensuring
the usual normalization constraint of the GP-orbital.
To solve this differential equation we make an ansatz
for φ(x) depending on three parameters, the amplitude
AN , the localisation length λN > 0 and a shift parameter
16
sN > 0 :
φN (x) =
AN
sinh
(
|x|+sN
λN
) (45)
This ansatz solves (44) and the boundary condition (43),
provided
µN = εxt − 1
λ2N
(46)
λN =
λ
1− (N−1)gsλ4
> 0
exp
(
− sN
λN
)
=
√
λN
λ − 1
λN
λ + 1
AN =
1√
2λN
(
λN
λ − 1
)
The amplitude AN is fixed by the usual wavefunction
normalization. Apparently, for N → 1 there holds λN →
λ+0. In this limit, AN and the parameter ratio
sN
λN
both
display a singularity, so that the expression obtained for
φN=1 (x) coincides with the wavefunction (27) of a single
particle.
As the particle number N (per cross section area wy×
wz) increases it is seen from Eq.(46) that the localisation
length λN increases, and it diverges as N approaches a
critical particel number Nc given by
Nc = 1 +
4
λgs
(47)
This critical particle number Nc, depending on the lo-
calisation length λ for one particle and the effective in-
teraction strength gs for two particles, determines the
maximal capacity of a localised BEC ground state build
from the respective optimal GP-orbitals to bind Bose-
atoms around a crossing or branching zone of quantum
waveguides. For N > Nc a localised solution for the
ground state orbital ceases to exist. As the described
localisation-delocalisation quantum transition is sharp,
it should be possible to determine in an experiment that
critical particle number Nc rather precisely.
Elimination of the interaction constant gs in terms of
the observable critical particle number Nc leads to the
following scaling law of the localisation length λN of the
optimal GP-orbital:
λN =
λ
1− N−1Nc−1
(48)
In the range 1 ≤ N < Nc we obtain then for the chemical
potential µN the expression (scaled units)
µN = εxt − 1
λ2
(
1− N − 1
Nc − 1
)2
(49)
At the critical particle number N = Nc the chemical
potential assumes the value µN=Nc = εxt.
Overall we find, that the dependence on particle
number N of the inverse localisation length 1/λ
(C)
N
, and the dependence on particle number N of the
function
√
ε
(C)
xt − µ(C)N , as numerically calculated solving
the full three-dimensional GP-equation and displayed in
Fig.17 and in Fig.18 (the green curves correspond to equal
lateral tube diameters w
(C)
x = w
(C)
y ) both agree very well
with the analytical scaling laws (48) and (49). Indeed
Eq.(49) fully coincides with the scaling law Eq.(42) re-
ported in section IV.
The chemical potential µN of a system of N interact-
ing Bose atoms is connected to the ground state energy
E (N) by
µN = E (N)− E (N − 1) (50)
Solving this difference equation for E (N) assuming N ≥
2 gives
E (N) = N · µN=1 + 1
λ2
N (N − 1)
Nc − 1
(
1−
N
3 − 16
Nc − 1
)
(51)
The energy E (N) should be observable as the release
energy of the system, say switching off the lasers creating
the ’walls’ of an hollow optical waveguide. In the non-
interacting (ideal) Bose gas there holds Nc →∞ , so that
one finds the expected result E(0) (N) = N · (εxt − 1λ2 ).
It is instructive to express for the N -particle BEC
ground state (1) the expectation values of the kinetic
energy (38) and the interaction energy (37) in terms of
the chemical potential µN and the total energy E (N).
Making use of the general relations
Ekin(N) + Eint(N) = E (N) (52)
Ekin(N) + 2Eint(N) = NµN
one obtains for N >> 1 :
Eint(N)
Ekin(N)
=
1
1 + 3E (1)λ2
+O
(
1
N
)
(53)
In our three-dimensional numerical calculations reported
in the previous section for the crossing waveguide C we
found this ratio assumes for all tube size parameters
w
(C)
z > 0 a value substantially smaller than unity. This
finding is confirmed quantitatively by our 1D-toy model
inserting the ground state energy (51) into the expres-
sions (53). For a large particle number N  1, which
according to Fig. (14) corresponds to a choice w
(C)
z  L,
one finds Eint(Nc) ≤ 0.15×Ekin(Nc) , in good agreement
with the results displayed in Fig.15. Thus it is evident
that for the localised Hartree ground state around the
crossing zone of the quantum waveguide C the Thomas-
Fermi approximation does not apply. This is in sharp
contrast to the N -particle ground state of a BEC that
forms in a harmonic trap [38], where for N  1 the in-
teraction energy is large compared to the kinetic energy,
so that the density profile of such a BEC is well repro-
duced by the Thomas-Fermi approximation.
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VI. BINARY MIXTURE OF COLD BOSE
ATOMS IN C.
The previously described non standard trapping mech-
anism for cold particles moving around the crossing zone
of a waveguide C is kinetic energy driven. It is then inter-
esting to study a binary BEC consisting of two different
species of Bose atoms, say with mass mA > mB . The
associated two-particle contact interaction parameters of
the atoms (using obvious notation for the respective s-
wave scattering lengths) we denote as
gAA =
4pi}2aA
mA
(54)
gBB =
4pi}2aB
mB
gAB = 2pi}2aAB
(
1
mA
+
1
mB
)
, see for example [38]. Let then NA be the number of
Bose atoms of type A , and NB = N −NA be the num-
ber of Bose atoms of type B. Within mean field theory
the ground state of such a binary BEC is then a gener-
alization of the Hartree ground state describing a single
atom species Bose condensate:
ΨG(r1, r2, ..., rN ) =
NA∏
j=1
ψA(rj)
NA+NB∏
j=NA+1
ψB(rj) (55)
The task is then to find the optimal Hartree orbitals
ψA(r) and ψB(r), that minimize the expectation value of
the Hamiltonian of the interacting Bose gas mixture in
that ground state, subject to the constraint that the num-
ber of particles, NA and NB respectively, are both con-
served. This constraint engenders for ψA(r) and ψB(r)
the normalization conditions∫
C
d3r|ψA(r)|2 = 1 =
∫
C
d3r|ψB(r)|2 (56)
It is not required that the optimal orbitals ψA(r) and
ψB(r) are orthogonal.
Introducing Lagrange parameters µA and µA for these
normalization constraints (56), the respective optimal or-
bitals are solutions to the following 2× 2-system of cou-
pled Hartree equations
[
HA,kin + (NA − 1) gAA |ψA(r)|2 +NBgAB |ψB(r)|2
]
ψA(r) = µAψA(r) (57)[
HB,kin +NAgAB |ψA(r)|2 + (NB − 1) gBB |ψB(r)|2
]
ψB(r) = µBψB(r)
Here HA,kin and HB,kin denote the kinetic energy opera-
tors associated with a single A- or B-atom, respectively:
mA
mB
HA,kin = − ~
2
2mB
∇2 = HB,kin (58)
It follows, that lighter atoms moving along the armes
Aj ⊂ C have a higher excitation threshold (10) than the
heavier ones:
εxt,B
εxt,A
=
mA
mB
(59)
To solve the coupled equations (57) we consider (like
in the afore mentioned case of an interacting Bose gas
consisting of only one atom species) a suitable auxiliary
diffusion process. Introducing 2 × 2-matrix notation we
write
− ∂
∂τ
ψ(r, τ) = [Hkin + Uψ(r, τ)]ψ(r, τ) (60)
where
Hkinψ(r, τ) =
[
HA,kin 0
0 mAmBHA,kin
] [
ψA(r, τ)
ψB(r, τ)
]
(61)
Because the amplitude of the auxiliary wave functions
ψA(r, τ) and ψB(r, τ) decay exponentially with diffusion
time τ as the diffusion process progresses the interaction
term neeeds explicit normalization:
(62)
Uψ(r, τ) =
 (NA−1)gAA|ψA(r,τ)|
2∫
C d
3r′|ψA(r′,τ)|2 ,
NBgAB ψA(r,τ)ψ
†
B(r,τ)√∫
C d
3r′|ψA(r′,τ)|2
√∫
A d
3r′|ψB(r′,τ)|2
NAgAB ψB(r,τ)ψ
†
A(r,τ)√∫
C d
3r′|ψA(r′,τ)|2
√∫
C d
3r′|ψB(r′,τ)|2
, (NB−1)gBB |ψB(r,τ)|
2∫
C d
3r′|ψB(r′,τ)|2

Apparently, for large diffusion time τ then Uψ(r, τ) becomes independent on τ . The seeked optimal Hartree
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orbitals are given by
ψA(r) = lim
τ→∞
ψA(r, τ)√∫
C d
3r′ |ψA(r′, τ)|2
(63)
ψB(r) = lim
τ→∞
ψB(r, τ)√∫
C d
3r′ |ψB(r′, τ)|2
In practice, the (normalized!) Hartree orbitals are cal-
culated as numerical solutions to the system of diffusion
equations (60) extending the afore mentioned splitting
scheme (35) to the case of a two component spinor, as
indicated in (61).
One obtains directly from (57), by taking a scalar prod-
uct with ψA(r) in the first line, and with ψB(r) in the
second line, explicit expressions for the Lagrange param-
eters µA and µB depending on the interaction strengths
gAA , gAB , gBB and the particle numbers NA and NB :
µA =
∫
C
d3r
 ψ†A(r)HA,kinψA(r)+ (NA − 1) gAA|ψA(r)|4
+NBgAB |ψA(r)|2|ψB(r)|2
 (64)
µB =
∫
C
d3r
 ψ†B(r)HB,kinψB(r)+ (NB − 1) gBB |ψB(r)|4
+NAgAB |ψA(r)|2|ψB(r)|2

We readily confirm the identity
NAµA+NBµB = Ekin (NA, NB)+2Eint (NA, NB) (65)
, where
Ekin (NA, NB) =
∫
C
d3r
[
NAψ
†
A(r)HA,kinψA(r)
+NBψ
†
B(r)HB,kinψB(r)
]
(66)
Eint (NA, NB) =
∫
C
d3r
 NA(NA−1)2 gAA|ψA(r)|4+NB(NB−1)2 gBB |ψB(r)|4
+NANBgAB |ψA(r)|2|ψB(r)|2

denotes the kinetic energy, respectively the interaction
energy in the N -particle binary BEC ground state (55).
With the total energy the system has,
E (NA, NB) = Ekin (NA, NB) + Eint (NA, NB) (67)
, and with µA and µB as stated in (64), there follows as
an identity
µA = E (NA, NB)− E (NA − 1, NB) (68)
µB = E (NA, NB)− E (NA, NB − 1)
Because atoms species A and B are distinguishable, there
exist two different chemical potentials in a binary mix-
ture.
The localisation lengths λA and λB for the two atom
species A and B, respectively, follow from the asymptotic
decay of the respective Hartree orbitals ψA(r) and ψB(r),
see (41). These localisation lengths depend not only on
the choice of interaction strength parameters (54), but
also on the lateral tube diameters of the joining waveg-
uides, and of course on the mixing ratio NANB of particle
numbers NA and NB .
We discuss now the results obtained for a cross shaped
waveguide geometry C with equal tube sizes w(C)x =
w
(C)
y = w
(C)
z = 2L. Choosing m = mB as unit of
mass, L as unit of length and εL =
}2
2mL2 as unit of en-
ergy, the respective excitation thresholds for atom species
A and B are εxt,B = εL × pi22 and εxt,A = mBmA εxt,B .
As an example we study the trapping of a dilute bi-
nary cold Bose gas consisting of 23Na- and 87Rb-atoms
(in this case mAmB =
87
23 ' 3. 78 ). The interaction
strength parameters (54) for this sytem we take from
[39], gAA : gAB : gBB = 1 : 1.7 : 2. Calculating
the optimal Hartree orbitals ψA(r) and ψB(r) with this
set of interaction parameters we find, see Fig.22 and in
particular Fig.20, that the orbitals associated with the
heavier A-atoms display a longer localisation length than
those of the lighter B-atoms, as the total particle number
N = NA + NB = (1 +
NA
NB
) ×NB is increased at a fixed
mixing ratio NANB . When a pair of critical particle num-
bers
(
N?c,A, N
?
c,B
)
is reached in this process, see Fig.20,
there happens a sudden demixing quantum transition.
The heavier A-atoms delocalise, so that the condensate
that then remains localised around the crossing of C is
a pure single atom BEC consisting only of the lighter
B-atoms. Correspondingly, the chemical potential µA
approaches the excitation threshold εxt,A of the A-atoms
as NB → N?c,B from below, see Fig.21. The critical par-
ticle number N?c,B characterizing this demixing quantum
transition decreases as the mixing ratio NANB is increased.
In Fig.20 Nc,B denotes (for the waveguide C under con-
sideration) the maximum particle number NB that can
be trapped in the pure Hartree ground state consisting
only of B-atoms. The localisation length λB and the
chemical potential µB of the GP-orbital ψB(r) undergo,
depending on the mixing ratio NANB and on the mass ratio
mA
mB
, at a particular particle number NB = N
?
c,B a jump.
Both quantities, the localisation length λB and the chem-
ical potential µB , assume then in the remaining interval
N?c,B < NB < Nc,B values corresponding to a localised
single atom species Hartree ground state, see Fig.17, Fig.
18. Like in the single atom species case, see Fig. 18, the
scaling of the chemical potentials µA and µB vs. particle
number N at fixed mixing ratio NANB , see Fig. 21, differs
noticeably from the scaling of the chemical potential for
standard conservative atom trap potentials [38].
It should be pointed out that for binary mixtures of
Bose atoms confined in standard conservative atom trap
potentials, well known stability criteria [38] describe pos-
sible coexistence and also segregation of phases depen-
dent on the interaction parameters gAA, gAB , gBB . How-
ever, such criteria are not directly applicable to the above
described sudden demixing transition, because around
the branching or crossing zone of a QW the kinetic en-
ergy of a localised binary BEC dominates by far the in-
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teraction energy, so that the Thomas-Fermi approxima-
tion is false. For instance, if one adds a small number
NA  NB of A-atoms to a cloud of B-atoms confined
in a standard conservative atom trap potential, the A-
atoms either reside at the surface formed by the B-atom
cloud, or are positioned deep inside of the B-atom cloud
, depending on the interaction strengths 54. Our calcula-
tions of atom density profiles nA (r) = NA |ψA (r)|2 and
nB (r) = NB |ψB (r)|2 , see for example Fig.22, indicate
for a wide range of interaction parameters, that this sce-
nario does not apply for cold Bose atoms trapped around
the branching zone or crossing of a QW.
VII. CONCLUSIONS
We have studied (within the range of validity of mean
field theory) localised matter wave ground states of cold
Bose atoms for different prototypes of quantum waveg-
uides with broken translational symmetry: i) a waveg-
uide system C akin to the shape of a swiss cross, ii) a
waveguide L in the guise of a cranked L with a rectan-
gular corner, iii) a T -shaped waveguide T consisting of
three branching arms, see Fig.1. The associated trapping
mechanism is non standard, because the force confining
the particles around the branching zone or crossing of
waveguides cannot be derived from a potential.
Based on an analytic expression, that approximates for
small propagation times ∆τ the quantum propagator of
a single particle at imaginary time, we solved numeri-
cally the three-dimensional Gross-Pitaevskii equation in-
side those quantum waveguides using a suitable splitting
scheme, and found depending on the choice of the ratio
κ(Γ) of lateral tube widths, for fixed particle number N ,
various localised Hartree ground states describing non
standard trapping of cold interacting Bose atoms. The
kernel representing the imaginary time quantum propa-
gator implemented into the algorithm obeys by construc-
tion the Dirichlet boundary conditions at the walls ∂Γ of
the associated waveguides Γ ∈ {C,L, T } exactly.
Observing, that the transversal kinetic energy of a par-
ticle undergoes a rapid drop, when it traverses along a
straight line the branching zone of the respective arms
inside the waveguides Γ, we suggested an explanation for
the existence of a localised ground state in section III. We
also discussed the non existence of localised states in the
waveguides Γ for too small, respectively too large, lateral
tube widths ratios κ(Γ), see Fig.7 and Fig.19. Analyti-
cal scaling laws obtained in section V for the dependence
on N of the localisation length λN and the chemical po-
tential µN agree very well with the results of the three-
dimensional numerical calculations. We found that the
kinetic energy of a BEC confined by this non standard
trapping mechanism is by a factor seven(!) larger than
the interaction energy, see Fig.15, so that the density pro-
file of a BEC trapped around the branching or crossing
zone of waveguides, see for example Fig.10 and Fig.22,
cannot be described by the Thomas-Fermi approxima-
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FIG. 20. Demixing quantum transition of a binary cold BEC
consisting of A- and B-atoms confined around the crossing of
C assuming equal tube diameters w(C)x = w(C)y = w(C)z = 2L.
Plots show the respective inverse localisation lengths 1/λA
and 1/λB vs. particle number N = NA +NB = (
NA
NB
+ 1)NB
for three different mixing ratios: red line NA : NB = 1 : 3,
blue line NA : NB = 1 : 1, green line NA : NB = 3 : 1. Mass
ratio mA
mB
= 87
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and interaction parameters gAA : gAB : gBB =
1 : 1.7 : 2 describe a binary BEC mixture consisting of 23Na-
and 87Rb-atoms.
tion.
For the case of a binary mixture of two different Bose
atom species A and B we observed non standard trapping
of both atom species for subcritical particle numbers NA
and NB around the branching or crossing zone of quan-
tum waveguides. A sudden demixing quantum transition
takes place at a critical particle numberN? =N?c,A+N
?
c,B
as the total particle number N = NA + NB is increased
at fixed mixing ratio NA/NB , see Fig. 20. Depending
on the mass ratio mA/mB the heavier atom species de-
localises first for a wide range of interaction parameters.
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FIG. 21. Chemical potentials µA and µB of a binary BEC
mixture vs. particle number N = NA + NB = (
NA
NB
+ 1)NB
assuming a fixed mixing ratio NA : NB . Here xt,B = εL× pi22
and εxt,A =
mB
mA
εxt,B denote the respective excitation thresh-
olds for atoms with mass mA and mB . Unit of length is L,
unit of energy εL =
}2
2mB L
2 . Mass and interaction parameters
like in Fig.20.
We found that in this case the dominant energy is not the
interaction energy, but the kinetic energy of the atoms.
This feature could perhaps be used to seperate isotopes.
Finally we mention, that the choice of a hard wall
boundary condition (5) at the walls ∂Γ of our waveguides
Γ ∈ {C,L, T } serves in our calculations just as a conve-
nient model. Choosing more general Robin boundary
conditions (with a positive slip length), or replacing the
walls of the tubes by a steep harmonic potential (which
should be more appropriate to describe confinement gen-
erated by optical dipole forces) in no way changes qualita-
tively any of the above described localisation phenomena
of cold matter waves around the branching or crossing
zones of quantum waveguides.
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Appendix A
The Magnus expansion theorem states for the product
of the exponential of two linear operators Aˆ and Bˆ [40]
eAˆ ◦ eBˆ = eAˆ+Bˆ+ 12 [Aˆ,Bˆ]+ 112 [Aˆ−Bˆ,[Aˆ,Bˆ]]+... (A1)
, where
[
Aˆ, Bˆ
]
= Aˆ◦Bˆ−Bˆ◦Aˆ. By explicit calculation,
it can then be shown introducing a small parameter τ :
Ŝ(τ) = e−
τ
2 Aˆ ◦ e−τBˆ ◦ e− τ2 Aˆ (A2)
= e−τ(Aˆ+Bˆ)+
τ3
24 [Aˆ+2Bˆ,[Aˆ,Bˆ]]+O(τ
5)...
All even powers of τ in the exponent cancel as can
be seen from the identity Ŝ(τ)Ŝ(−τ) = 1ˆ. There follows
with real parameters λ1, λ2 > 0 :
e−λ1τBˆ ◦ e− τ2 Aˆ ◦ e−λ2τBˆ ◦ e− τ2 Aˆ ◦ e−λ1τBˆ
= exp

− (2λ1 + λ2) τBˆ − τAˆ
− τ324 (4λ1 − λ2)
[
Aˆ,
[
Aˆ, Bˆ
]
−
]
−
− τ324
(
(λ1 + λ2) 4λ1 − 2λ22
) [
Bˆ,
[
Bˆ,Aˆ
]
−
]
−
+o
(
τ5
)

(A3)
Let us assume ||Bˆ||  ||Aˆ||. In order that equation
(A3) represents an accurate approximation to the origi-
nal time development operator e−τ(Aˆ+Bˆ) for small τ we
require now λ1 =
1
6 , λ2 =
2
3 . We consequently obtain
that the accuracy of the approximation
e−τ(Aˆ+Bˆ) ' e− τ6 Bˆ ◦ e− τ2 Aˆ ◦ e− 2τ3 Bˆ ◦ e− τ2 Aˆ ◦ e− τ6 Bˆ (A4)
is of order O
(
τ2||Bˆ||2 + τ4||Aˆ||4
)
. This property pro-
vides the basis of the splitting scheme as stated in (35).
Appendix B
It is convenient to write w
(C)
a = 2La for the respective
tube diameters w
(C)
a of the arms Aj ⊂ C, see Fig.1. One-
dimensional heat kernels obeying to homogeneous Dirich-
let boundary conditions at the end points of the intervals
[La,∞] , [−∞,−La] and [−La, La] may be found by the
standard mirror method of Sommerfeld:
u, u′ ∈ R (B1)
k(u− u′, τ) = 1√
4piτ
exp
[
− (u− u
′)2
4τ
]
k
(D)
[La,∞](u, u
′; τ) = k(u− u′; τ)− k(u+ u′ − 2La; τ)
k
(D)
[−∞,−La](u, u
′; τ) = k(u− u′; τ)− k(u+ u′ + 2La; τ)
k
(D)
[−La,La](u, u
′; τ) =
∑
n∈Z
[k(u− u′ + 4nLa; τ)
−k(u+ u′ + (4n+ 2)La; τ)]
We show in [42], that the short time expansion of
the three-dimensional imaginary time quantum propaga-
tor K(r, r′; ∆τ) = 〈r| e−∆τHkin |r′〉 obeying to Dirichlet
boundary conditions at the walls ∂C of a cross shaped
waveguide C, assumes for a small diffusion time ∆τ > 0
the following explicit guise:
[K(r, r′; ∆τ)]r∈Aj ,r′∈Al = KAj ,Al (r, r′; ∆τ) = K
(⊥)
Aj ,Al (r⊥, r
′
⊥; ∆τ) k
(D)
[−Lz,Lz ](z, z
′; ∆τ) (B2)
K(⊥)A0,A0 (r⊥, r′⊥; ∆τ) =

k
(D)
[−Lx,Lx](x, x
′; ∆τ)k(D)[−Ly,Ly ](y, y
′; ∆τ)
+ [CA3,A0(x, x
′; ∆τ)− CA1,A0(x, x′; ∆τ)] k(D)[−Ly,Ly ](y, y′; ∆τ)
+k
(D)
[−Lx,Lx](x, x
′; ∆τ) [CA4,A0(y, y
′; ∆τ)− CA2,A0(y, y′; ∆τ)]

K(⊥)A0,A1 (r⊥, r′⊥; ∆τ) = CA1,A1(x, x′; ∆τ)k
(D)
[−Ly,Ly ](y, y
′; ∆τ)
K(⊥)A0,A2 (r⊥, r′⊥; ∆τ) = k
(D)
[−Lx,Lx](x, x
′; ∆τ)CA2,A2(y, y
′; ∆τ)
K(⊥)A0,A3 (r⊥, r′⊥; ∆τ) = −CA3,A3(x, x′; ∆τ)k
(D)
[−Ly,Ly ](y, y
′; ∆τ)
K(⊥)A0,A4 (r⊥, r′⊥; ∆τ) = −k
(D)
[−Lx,Lx](x, x
′; ∆τ)CA4,A4(y, y
′; ∆τ)
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K(⊥)A1,A0 (r⊥, r′⊥; ∆τ) = [CA3,A0(x, x′; ∆τ)− CA1,A0(x, x′; ∆τ)] k
(D)
[−Ly,Ly ](y, y
′; ∆τ)
K(⊥)A1,A1 (r⊥, r′⊥; ∆τ) =
[
k
(D)
[Lx,∞](x, x
′; ∆τ) + CA1,A1(x, x
′; ∆τ)
]
k
(D)
[−Ly,Ly ](y, y
′; ∆τ)
K(⊥)A1,A2 (r⊥, r′⊥; ∆τ) = 0 = K
(⊥)
A1,A4 (r⊥, r
′
⊥; ∆τ)
K(⊥)A1,A3 (r⊥, r′⊥; ∆τ) = −CA3,A3(x, x′; ∆τ)k
(D)
[−Ly,Ly ](y, y
′; ∆τ)
K(⊥)A2,A0 (r⊥, r′⊥; ∆τ) = k
(D)
[−Lx,Lx](x, x
′; ∆τ) [CA4,A0(y, y
′; ∆τ)− CA2,A0(y, y′; ∆τ)]
K(⊥)A2,A1 (r⊥, r′⊥; ∆τ) = 0 = K
(⊥)
A2,A3 (r⊥, r
′
⊥; ∆τ)
K(⊥)A2,A2 (r⊥, r′⊥; ∆τ) = k
(D)
[−Lx,Lx](x, x
′; ∆τ)
[
k
(D)
[Ly,∞](y, y
′; ∆τ) + CA2,A2(y, y
′; ∆τ)
]
K(⊥)A2,A4 (r⊥, r′⊥; ∆τ) = −k
(D)
[−Lx,Lx](x, x
′; ∆τ)CA4,A4(y, y
′; ∆τ)
K(⊥)A3,A0 (r⊥, r′⊥; ∆τ) = [CA3,A0(x, x′; ∆τ)− CA1,A0(x, x′; ∆τ)] k
(D)
[−Ly,Ly ](y, y
′; ∆τ)
K(⊥)A3,A1 (r⊥, r′⊥; ∆τ) = CA1,A1(x, x′; ∆τ)k
(D)
[−Ly,Ly ](y, y
′; ∆τ)
K(⊥)A3,A2 (r⊥, r′⊥; ∆τ) = 0 = K
(⊥)
A3,A4 (r⊥, r
′
⊥; ∆τ)
K(⊥)A3,A3 (r⊥, r′⊥; ∆τ) =
[
k
(D)
[−∞,−Lx](x, x
′; ∆τ)− CA3,A3(x, x′; ∆τ)
]
k
(D)
[−Ly,Ly ](y, y
′; ∆τ)
K(⊥)A4,A0 (r⊥, r′⊥; ∆τ) = k
(D)
[−Lx,Lx](x, x
′; ∆τ) [CA4,A0(y, y
′; ∆τ)− CA2,A0(y, y′; ∆τ)]
K(⊥)A4,A1 (r⊥, r′⊥; ∆τ) = 0 = K
(⊥)
A4,A3 (r⊥, r
′
⊥; ∆τ)
K(⊥)A4,A2 (r⊥, r′⊥; ∆τ) = k
(D)
[−Lx,Lx](x, x
′; ∆τ)CA2,A2(y, y
′; ∆τ)
K(⊥)A4,A4 (r⊥, r′⊥; ∆τ) = k
(D)
[−Lx,Lx](x, x
′; ∆τ)
[
k
(D)
[−∞,−Ly ](y, y
′; ∆τ)− CA4,A4(y, y′; ∆τ)
]
CA1,A0(x, x
′; τ) =
∞∑
n=−∞
sgn [ x′ − (4n+ 1)Lx] k(|x− Lx|+ |x′ − (4n+ 1)Lx| ; τ) (B3)
CA2,A0(y, y
′; τ) =
∞∑
n=−∞
sgn [ y′ − (4n+ 1)Ly] k(|y − Ly|+ |y′ − (4n+ 1)Ly| ; τ)
CA1,A1(x, x
′; τ) = sgn (x′ − Lx) k(|x− Lx|+ |x′ − Lx| ; τ)
CA2,A2(y, y
′; τ) = sgn (y′ − Ly) k(|y − Ly|+ |y′ − Ly| ; τ)
CA3,A0(x, x
′; τ) =
∞∑
n=−∞
sgn [x′ + (4n+ 1)Lx] k(|x+ Lx|+ |x′ + (4n+ 1)Lx| ; τ)
CA4,A0(y, y
′; τ) =
∞∑
n=−∞
sgn [y′ + (4n+ 1)Ly] k(|y + Ly|+ |y′ + (4n+ 1)Ly| ; τ)
CA3,A3(x, x
′; τ) = sgn (x′ + Lx) k(|x+ Lx|+ |x′ + Lx| ; τ)
CA4,A4(y, y
′; τ) = sgn (y′ + Ly) k(|y + Ly|+ |y′ + Ly| ; τ)
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